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Eqs. (7) and (8) to compute §•'(&) and one term of the summa-
tion on the right-hand side of Eq. (9) for case c* and then sum-
ming over the cases to obtain the gradient given by Eq. (9).

Once the first-order effects on the terminal cost of weight
changes have been determined, a variety of procedures have
been proposed in the control and neural-net literature for
actually modifying the weights prior to a repetition of the
preceding procedure.

The best-known BP results9 look different from ours but are
equivalent. They are stated in terms of quantities d*j(k) [in-
stead of our §•'(A:)], and these quantities are interpretable as
the negative of the partial derivative of the criterion value with
respect to the net input to unit / on layer k for case c rather
than the positive partial derivative with respect to the output.

Sometimes classification of cases into more than two
classes, or the mapping of input vectors into associated output
vectors, is desired. Then more than one unit is located on the
output level for each case. In both instances only a minor
modification of the preceding results is required, with the
squared-error criterion now involving a summation over all
output units for each case.

In a strict mathematical sense, BP has not solved the prob-
lem of efficiently determining weights in multilayer networks
such that a net will produce stipulated results for a training set
of cases. Like any gradient procedure applied to nonlinear and
generally nonconvex problems, convergence to local minima
(or other stationary points) with nonzero error is possible,
even when weights yielding zero error exist. A mathematician
would demand a procedure known to yield a solution if one
exists [which is the case for the one-layer perceptron using the
perceptron learning rule of Eq. (2)] before he or she would
consider the problem solved. Additionally, the error function
viewed as a function of the weights sometimes has many
saddle points that, even if the gradient procedure never exactly
reaches one, cause the procedure to take many thousands of
steps before convergence oil a local minimum. This possibility
renders the procedure's efficiency poor and also, thus far,
unanalysable.

Conclusion
Once all of the cases to be learned in a neural-net mapping

problem are concatenated into one large network with a vector
output, one component for each case, a standard discrete-time
optimal-control problem results. The Kelley-Bryson gradient
formulas for such problems have been rediscovered by neural-
network researchers and termed back propagation. The recur-
sive derivation of these formulas using the chain rule, com-
monly seen in the neural-network literature, was first used for
optimal-control problems by Dreyfus.
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